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QUASI-MORPHISMS AND Lp-METRICS ON GROUPS
OF VOLUME-PRESERVING DIFFEOMORPHISMS
MICHAEL BRANDENBURSKY
Abstract. LetM be a smooth compact connected oriented man-
ifold of dimension at least two endowed with a volume form µ.
We show that every homogeneous quasi-morphism on the identity
component Diff0(M,µ) of the group of volume-preserving diffeo-
morphisms ofM , which is induced by a quasi-morphism on the fun-
damental group pi1(M), is Lipschitz with respect to the L
p-metric
on Diff0(M,µ). As a consequence, assuming certain conditions on
pi1(M), we construct bi-Lipschitz embeddings of finite dimensional
vector spaces into Diff0(M,µ).
1. Introduction and main results
1.A. The Lp-metric. Let M be a compact connected and oriented
Riemannian manifold and let Diff(M,µ) denote the group of smooth
diffeomorphisms of M acting by the identity on a neighborhood of the
boundary and preserving the volume form µ induced by the metric.
Unless otherwise stated we assume that Diff(M,µ) is equipped with
the Whitney C∞-topology.
In the present paper we study the geometry of the identity component
Diff0(M,µ) of the above group endowed with the right invariant L
p-
metric. It is defined as follows. Let
Lp{gt} :=
∫ 1
0
dt
(∫
M
|g˙t(x)|
pµ
) 1
p
be the Lp-length of a smooth isotopy {gt}t∈[0,1] ⊂ Diff0(M,µ), where
|g˙t(x)| denotes the length of the tangent vector g˙t(x) ∈ TxM induced
by the Riemannian metric. Observe that this length is right-invariant,
that is, Lp{gt ◦ f} = Lp{gt} for any f ∈ Diff(M,µ). It defines a
non-degenerate right-invariant metric on Diff0(M,µ) by
dp(g0, g1) := inf
gt
Lp{gt},
where the infimum is taken over all paths from g0 to g1. See Arnol’d-
Khesin [2] and Khesin-Wendt [20, Section 3.6] for a detailed discussion.
If p = 2 then the group Diff0(M,µ) is in fact equipped with a Riemann-
ian metric inducing the above L2-length. The geodesics of this metric
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are the solutions of the equations of the flow of an incompressible fluid
[1], which makes the p = 2 case the most interesting. It is known that
if M is a simply connected Riemannian manifold of dimension at least
three then the L2-diameter of the group Diff0(M,µ) is finite [27]. On
the other hand Eliashberg and Ratiu [13] proved that this diameter
is infinite for surfaces and for manifolds with positive first Betti num-
ber, and whose fundamental group has a trivial center. In [8] Kedra
and the author showed, that under certain conditions on the funda-
mental group, the diameter of the identity component of the group of
volume-preserving diffeomorphisms is also infinite.
1.B. Quasi-morphisms on Diff0(M,µ). Quasi-morphisms are known
to be a helpful tool in the study of algebraic structure of non-Abelian
groups, especially the ones that admit a few or no (linearly indepen-
dent) real-valued homomorphisms. Recall that a quasi-morphism on a
group G is a function ϕ : G → R which satisfies the homomorphism
equation up to a bounded error: there exists Kϕ > 0 such that
|ϕ(ab)− ϕ(a)− ϕ(b)| ≤ Kϕ
for all a, b ∈ G. The infimum of all such Kϕ is called the defect of ϕ
and is denoted by Dϕ. A quasi-morphism ϕ is called homogeneous if we
have ϕ(am) = mϕ(a) for all a ∈ G and m ∈ Z. Any quasi-morphism ϕ
can be homogenized: setting
(1) ϕ˜(a) := lim
k→+∞
ϕ(ak)/k
we get a homogeneous (possibly trivial) quasi-morphism ϕ˜.
1.B.1. Polterovich construction. Let m ∈ M \ ∂M . Suppose that the
center Z(π1(M,m)) is trivial and the group π1(M,m) admits a non-
trivial homogeneous quasi-morphism φ˜ : π1(M,m) → R. For each x ∈
M \ ∂M let us choose an arbitrary geodesic path from x to m. In [25]
Polterovich constructed the induced non-trivial homogeneous quasi-
morphism Φ˜ on Diff0(M,µ) as follows:
For each x ∈ M and an isotopy {gt}t∈[0,1] between Id and g let gx be a
closed loop in M which is a concatenation of a geodesic path from m
to x, the path gt(x) and a described above geodesic path from g(x) to
m. Denote by [gx] the corresponding element in π1(M,m) and set
Φ(g) :=
∫
M
φ˜([gx])µ Φ˜(g) := lim
k→∞
1
k
∫
M
φ˜([(gk)x])µ.
The maps Φ and Φ˜ are well-defined quasi-morphisms because the cen-
ter Z(π1(M,m)) is trivial and every diffeomorphism in Diff0(M,µ) is
volume-preserving. In addition, the quasi-morphism Φ˜ neither depends
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on the choice of a family of geodesic paths, nor on the choice of a base
point m. For more details see [25].
1.B.2. Gambaudo-Ghys construction. Let D := Diff(D2, ∂D2, area) be
the group of smooth area-preserving diffeomorphisms of the unit disc in
the Euclidean plane which equal to the identity near the boundary. The
group D admits a unique (continuous, in the proper sense) homomor-
phism to the reals–the famous Calabi homomorphism (see e.g. [3, 10]).
At the same time D is known to admit many (linearly independent)
homogeneous quasi-morphisms (see e.g. [4, 6, 16]). In what follows we
describe a particular geometric construction of such quasi-morphisms,
essentially contained in Gambaudo-Ghys [16] and studied by the author
in [7], which produces quasi-morphisms on D from quasi-morphisms on
the pure braid groups Pn on n strings.
Denote by Xn the space of all ordered n-tuples of distinct points in D
2.
Let us fix a base point z = (z1, . . . , zn) ∈ Xn and let x = (x1, . . . , xn)
be any other point in Xn. Take g ∈ D and any path gt, 0 ≤ t ≤ 1,
in D between Id and g. Connect z to x by a straight line in (D2)n,
then act on x with the path gt, and then connect g(x) to z by the
straight line in (D2)n. We get a loop in (D2)n. More specifically it
looks as follows. Connect zi to xi by straight lines l1,i :
[
0, 1
3
]
→ D2
in the disc, then act with the path g3t−1,
1
3
≤ t ≤ 2
3
, on each xi,
and then connect g(xi) to zi by straight lines l2,i :
[
2
3
, 1
]
→ D2 in the
disc, for all 1 ≤ i ≤ n. It is easy to show that for almost all n-
tuples of different points x1, . . . , xn in the disc the concatenations of
the paths l1,i :
[
0, 1
3
]
→ D2, g3t−1 :
[
1
3
, 2
3
]
→ D2 and l2,i :
[
2
3
, 1
]
→ D2,
i = 1, . . . , n, yield a loop in Xn. The homotopy type of this loop is
an element in Pn (here Pn is identified with the fundamental group
π1(Xn, z)). This element is independent of the choice of gt because D
is contractible (see e.g. [15, 28]), it will be denoted by γ(g; x). Let ϕ˜n
be a homogeneous quasi-morphism on Pn. Denote dx := dx1 · . . . · dxn
and set
(2) Φn(g) :=
∫
Xn
ϕ˜n(γ(g; x))dx Φ˜n(g) := lim
k→+∞
Φn(g
k)/k
The function Φn is a well-defined quasi-morphism on D and the func-
tion Φ˜n is a well-defined homogeneous quasi-morphism on D, see [7].
Remark. The group P2 is infinite cyclic, hence every homogeneous
quasi-morphism ϕ˜2 : P2 → R is a homomorphism. The celebrated the-
orem of Banyaga [3] states that the kernel of the Calabi homomorphism
C : D → R is a simple group. It follows that Φ˜2(g) = KΦ˜2 · C(g) for
every g ∈ D, where KΦ˜2 is a real constant independent of g.
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1.C. Main results. A map ψ : (X1, d1) → (X2, d2) between metric
spaces is called Lipschitz if there exists a constant A ≥ 0 such that
d2(ψ(x), ψ(y)) ≤ A · d1(x, y).
The following theorems are our main technical results. They are proven
in Section 2.
Theorem 1. Let M be a compact connected and oriented Riemannian
manifold of dimension at least two, such that Z(π1(M,m)) is trivial.
Let φ˜ : π1(M,m) → R be a homogeneous quasi-morphism. Then the
induced homogeneous quasi-morphism
Φ˜ : Diff0(M,µ)→ R
is Lipschitz with respect to the Lp-metric on the group Diff0(M,µ).
Remark. Theorem 1 shows that the diameter of (Diff0(M,µ),dp) is
infinite if Z(π1(M,m)) is trivial and π1(M,m) admits a non-trivial
homogeneous quasi-morphism.
Theorem 2. Let ϕ˜n be a homogeneous quasi-morphism on Pn. Then
the induced homogeneous quasi-morphism
Φ˜n : D → R
is Lipschitz with respect to the Lp-metric on the group D.
Remark. It follows from [7, 16] that for every n ≥ 3 there exists
a homogeneous quasi-morphism Φ˜n : D → R such that it does not
vanish on the kernel of the Calabi homomorphism C : D → R. Hence
Theorem 2 gives another proof of the Theorem of Eliashberg and Ratiu
[13], which states that the diameter of (Ker(C),dp) is infinite (see also
[18]).
1.D. Applications. Let (G, ‖ · ‖G) and (G
′, ‖ · ‖G′) be two normed
semigroups. A function f : G → G′ is a bi-Lipschitz embedding if it is
an injective homomorphism, and there exists a constant A ≥ 1 such
that
(3) A−1‖g‖G ≤ ‖f(g)‖G′ ≤ A‖g‖G.
Note that if G and G′ are groups, then the norms ‖ · ‖G and ‖ · ‖G′
define right-invariant metrics on the groups G and G′ in a natural way,
i.e., dG(g, h) := ‖gh
−1‖G and dG′(g
′, h′) := ‖g′h′−1‖G′ for all g, h ∈ G
and g′, h′ ∈ G′. In this case by definition every bi-Lipschitz embedding
is a quasi-isometric embedding.
Recall that the word norm on a group Γ generated by a symmetric
finite set S ⊂ Γ is defined by
|γ|S := min{k ∈ N | γ = s1 . . . sk where si ∈ S}.
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The word metric is defined by dS(γ1, γ2) := |γ1(γ2)
−1|S. It is right-
invariant and it depends on the choice of a finite generating set up to
a bi-Lipschitz equivalence [9, Example 8.17].
In [8] Kedra and the author showed, that under certain conditions on
the fundamental group π1(M,m), the group (Diff0(M,µ),dp) contains
quasi-isometrically embedded finitely generated free Abelian group of
an arbitrary finite rank. The following theorem generalizes this result
for a wide class of compact Riemannian manifolds.
Theorem 3. 1. Let M be a compact connected and oriented Rie-
mannian manifold of dimension at least 3, such that Z(π1(M,m)) is
trivial. Let n ∈ N and {[γi]}
n
i=1 in π1(M,m). Suppose that π1(M,m)
admits a family of homogeneous quasi-morphisms {φ˜i}
n
i=1, such that
φ˜i([γj]) = δij where δij is the Kronecker delta. Then (Diff0(M,µ),dp)
contains bi-Lipschitz embedded Rn.
2. Let Σg be a closed orientable surface of genus g ≥ 2. Then the group
(Diff0(Σg, µ),dp) contains bi-Lipschitz embedded R
g.
Let M be a closed negatively curved Riemannian manifold. Then
π1(M,m) has a trivial center and is word-hyperbolic. It follows from
[14, Proposition 3.6] that for each n ∈ N there exist words {[γi]}
n
i=1 in
π1(M,m) and a family of homogeneous quasi-morphisms {φ˜i}
n
i=1, such
that φ˜i([γj]) = δij , where δij is the Kronecker delta. As an immediate
corollary we have
Corollary. Let M be a closed negatively curved Riemannian manifold
of dimension at least 3. Then (Diff0(M,µ),dp) contains bi-Lipschitz
embedded vector space of an arbitrary finite dimension.
If (M,ω) is a symplectic manifold, then the group Diff0(M,µ) in all
the results above can be replaced either by the group Symp0(M,ω) of
symplectic diffeomorphisms isotopic to the identity, or by the group
Ham(M,ω) of Hamiltonian diffeomorphisms, see Remark 2.1 in the
proof of Theorem 3. In case of the group Ham(M,ω) the assumption on
the triviality of Z(π1(M,m)) may be dropped, i.e., Polterovich quasi-
morphisms are well-defined on Ham(M,ω). This follows from the fact
that the map ev : Ham(M,ω) → M , where ev(g) = g(m), induces
a trivial map on π1(Ham(M,ω), Id), see [24]. The same proof as the
proof of Theorem 3 (part 2) proves the following
Corollary. The group (Ham(Σg, ω),dp) contains bi-Lipschitz embedded
R
g for each g ≥ 1. In particular, the diameter of (Ham(Σg, ω),dp) is
infinite for all g ≥ 1.
Remark. The group Ham(M,ω) may be equipped with the famous
Hofer metric [19, 21]. Similar results to ours with respect to the Hofer
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metric were obtained by Py and Usher. In [26] Py showed that for
g ≥ 2 the group Ham(Σg, ω) contains bi-Lipschitz embedded copy of
an arbitrary finitely generated free Abelian group. Recently Usher [29]
generalized this result and showed that for a wide class of symplectic
manifolds ℓ∞ bi-Lipschitz embeds into Ham(M,ω).
Recall that D := Diff(D2, ∂D2, area) and C : D → R is the Calabi ho-
momorphism. In [5] Benaim and Gambaudo showed that the group
(Ker(C),d2) contains quasi-isometrically embedded finitely generated
free Abelian group of an arbitrary rank. The following theorem gener-
alizes the result above.
Theorem 4. For each n the group (D,dp) contains bi-Lipschitz em-
bedded Rn. Moreover, this statement holds for the group (Ker(C),dp).
In [11] Crisp and Wiest generalized the results of [5] and proved that
the group (D,d2) contains quasi-isometrically embedded planar right-
angled Artin groups. To the best knowledge of the author no similar
results are known for infinitely generated groups.
Let Z∞ be a lattice in ℓ1, i.e., Z∞ consists of all infinite sequences of
integers, such that for each sequence (n1, n2, . . .) ∈ Z
∞ there exists
d ∈ N such that ni = 0 for each i > d. It follows that the metric
on Z∞ is the word metric with respect to the infinite set {±ei}
∞
i=1,
where ±ei = (0, . . . , 0,±1, 0, . . .) and 1 is placed in the i-th entry. The
following question was posed to the author by M. Sapir.
Question (M. Sapir). Does Z∞ quasi-isometrically embed into (D,dp)?
Let R∞+ denote the following positive normed semigroup in ℓ
1: the
semigroup R∞+ consists of sequences (v1, . . . , vk, . . .), where vi ≥ 0 and
there exists N > 0 such that vi = 0 for each i ≥ N . The following
result is related to the question above and is proven in Section 2. It
gives an example of a bi-Lipschitz embedding of an infinitely generated
semigroup into (D,dp).
Theorem 5. The semigroupR∞+ bi-Lipschitz embeds into (D,dp). More-
over, R∞+ bi-Lipschitz embeds into (Ker(C),dp).
2. Proofs
The full braid group Bn on n strings is abstractly defined via the fol-
lowing presentation:
Bn := 〈σ1, . . . , σn−1| σiσj = σjσi, |i− j| ≥ 2; σiσi+1σi = σi+1σiσi+1〉.
For a braid γ ∈ Bn denote by l(γ) the length of γ with respect to the
set {σi}
n−1
i=1 . For each g ∈ Diff0(M,µ) we denote by ‖g‖p := dp(Id, g).
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2.A. Proof of Theorem 1. Let S be a finite generating set for the
group π1(M,m), and denote by ΠM : M• →M the universal Riemann-
ian covering of M . This means that the metric on M• is induced from
the Riemannian metric on M . The corresponding distance will be de-
noted by d•.
It is enough to show that Φ is a large scale Lipschitz map. This means
that we have to show that there exist constants A,B ≥ 0 independent
of g such that
A · ‖g‖p +B ≥ |Φ(g)|.
Let g ∈ Diff0(M,µ) and {gt}t∈[0,1] ∈ Diff0(M,µ) be an isotopy from the
identity to g. It follows from the Hölder inequality that ‖g‖p ≥ Cp·‖g‖1,
where Cp is some positive constant independent of g. Hence it is enough
to prove the statement for p = 1.
For any homogeneous quasi-morphism φ˜ : π1(M,m)→ R we have
(4) |φ˜(α)| ≤
(
D
φ˜
+max
s∈S
|φ˜(s)|
)
‖α‖S.
It follows that
(5) |Φ(g)| ≤ K
∫
M
‖[gx]‖Sµ,
where K = D
φ˜
+max
s∈S
|φ˜(s)|.
Recall that the loop gx is a concatenation of a geodesic path from
m to x, the path {gt(x)} and a geodesic path from g(x) to m. Let
m• ∈ Π
−1
M (m) and let {g•,t(m•)} be the lift of the loop gx starting at
the point m•. The manifold M is compact, hence by the Sˇvarc-Milnor
lemma [9, 23], the inclusion of the orbit of m• with respect to the deck
transformation group π1(M,m) defines a quasi-isometry
π1(M,m)
q.i.
≃ (M•, d•).
In particular, it means that there exist positive constants A′, B′, such
that
(6) d•(m•, g•,1(m•)) ≥ A
′‖[gx]‖S − B
′.
Denote by diam(M) the diameter of M . We also have the estimate
(7) d•(m•, g•,1(m•)) ≤ 2 diam(M) +
∫ 1
0
|g˙t(x)|dt.
Combining inequalities (4), (5), (6) and (7) we get that
|Φ(g)| ≤ K(A′)−1
((∫ 1
0
dt
∫
M
|g˙t(x)|µ
)
+ vol(M)(2 diam(M) +B′)
)
= K(A′)−1L1({gt}) +K(A
′)−1 · vol(M)(2 diam(M) +B′).
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Since the above inequalities hold for any isotopy {gt}t∈[0,1] between the
identity and g, we obtain that
|Φ(g)| ≤ A · ‖g‖p +B,
where A = Cp ·K(A
′)−1 and B = K(A′)−1 · vol(M)(2 diam(M) + B′)
and this concludes the proof. 
2.B. Proof of Theorem 2. Let n ≥ 2. It is enough to show that the
non-homogeneous quasi-morphism Φn : D → R is large scale Lipschitz,
i.e., there exist two constants A,B ≥ 0, such that for every g ∈ D
|Φn(g)| ≤ A‖g‖p +B.
Let g ∈ D. For an isotopy {gt} ∈ D between Id and g, any x ∈ Xn
and 1 ≤ i, j ≤ n, i 6= j let li,j : [0, 1]→ S
1, such that
li,j(t) :=
gt(xi)− gt(xj)
‖gt(xi)− gt(xj)‖
and Li,j(x) :=
1
2π
1∫
0
∥∥∥∥ ∂∂t(li,j(t))
∥∥∥∥ dt,
where ‖ · ‖ is the Euclidean norm. Note that Li,j(x) is the length of the
path li,j(t) divided by 2π. It follows that Li,j(x)+ 4 is an upper bound
for the number of times the string i turns around the string j in the
positive direction plus the number of times the string i turns around
the string j in the negative direction in the braid γ(g; x). Recall that a
representative of the braid γ(g; x) is build using any isotopy {gt} ∈ D
between Id and g. It follows that the number of crossings in any such
representative is less then or equal to
∑n
i<j 2 (Li,j(x) + 4). By definition
the number of crossings in any such representative of the braid γ(g; x)
is bigger than the length of the braid γ(g; x). Thus we get the following
inequality
(8)
n∑
i<j
2 (Li,j(x) + 4) ≥ l(γ(g; x)),
where l(γ(g; x)) is the word length of the braid γ(g; x). Take any finite
generating set S ofPn. Note that for any homogeneous quasi-morphism
ϕ˜n : Pn → R one has
(9) |ϕ˜n(γ)| ≤
(
Dϕ˜n +max
s∈S
|ϕ˜n(s)|
)
lS(γ),
where lS(γ) is the length of a word γ with respect to S, and Dϕ˜n is the
defect of ϕ˜n. Recall that the pure braid group Pn is a normal subgroup
of finite index in Bn. It follows from [12, Corollary 24] that there exist
two positive constants K1,S and K2,S independent of γ, such that
lS(γ) ≤ K1,S · l(γ) +K2,S.
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It follows from (9) that
(10) |ϕ˜n(γ(g; x))| ≤ N1l(γ(g; x)) +N2,
whereN1 = K1,S(Dϕ˜n+max
s∈S
|ϕ˜n(s)|) andN2 = K2,S(Dϕ˜n+max
s∈S
|ϕ˜n(s)|).
Inequalities (8) and (10) yield the following inequality:
|ϕ˜n(γ(g; x))| ≤ 2N1
(
n∑
i<j
Li,j(x) + 4
)
+N2.
It follows that
(11) |Φn(g)| ≤ N3
 n∑
i<j
∫
D2×D2
Li,j(x)dxidxj
+B,
where N3 = 2N1 ·vol((D
2)n−2) and B = (4N1(n−1)n+N2) vol((D
2)n).
It follows from the definition of Li,j that
(12)
n∑
i<j
∫
D2×D2
Li,j(x)dxidxj =
(n− 1)n
4π
1∫
0
∫
D2×D2
∥∥∥∥ ∂∂t
(
gt(x)− gt(y)
‖gt(x)− gt(y)‖
)∥∥∥∥ dxdydt.
Cauchy-Schwartz inequality yields
(13)
1∫
0
∫
D2×D2
∥∥∥∥ ∂∂t
(
gt(x)− gt(y)
‖gt(x)− gt(y)‖
)∥∥∥∥ dxdydt ≤
1∫
0
∫
D2×D2
4‖g˙t(x)‖
‖gt(x)− gt(y)‖
dxdydt.
By using the polar coordinates we conclude that for each x ∈ D2∫
D2
1
‖x− y‖
dy ≤ 4π.
Using the above inequality and the fact that the isotopy gt is area-
preserving we have
(14)
1∫
0
∫
D2×D2
‖g˙t(x)‖
‖gt(x)− gt(y)‖
dydxdt ≤ 4π
1∫
0
∫
D2
‖g˙t(x)‖dxdt.
We combine inequalities (11), (12), (13), (14) and get
|Φn(g)| ≤ A
1∫
0
∫
D2
‖g˙t(x)‖dxdt+B := AL1{gt}+B,
where A = 4N3(n − 1)n. Since the above inequality holds for any
isotopy {gt}t∈[0,1] between the identity and g, we obtain that
|Φn(g)| ≤ A‖g‖1 +B.
The above inequality concludes the proof of the theorem in case p = 1.
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Let p > 1. It follows from Hölder inequality that there exists a positive
constant Cp such that ‖g‖1 ≤ Cp‖g‖p, and the proof follows. 
2.C. Proof of Theorem 3. Suppose that the dimension of M is at
least 3. Hence there exists a family of disjoint simple closed curves
{[γ′i]}
n
i=1 such that the curve γ
′
i is free loop homotopic to the curve
γi. It follows from the tubular neighborhood theorem that for each γ
′
i
there exists ri > 0, the standard (n − 1)-dimensional ball B
n−1
ri
⊂ Rn
of radius ri > 0, and a volume-preserving embedding
embi : B
n−1
ri
× S1 →֒ M,
such that embi |{0}×S1 is the curve γ
′
i and ri = dM(γ
′
i, embi |∂Bn−1ri ×S1
).
Moreover, if i 6= j then the images of embi and embj are disjoint.
The volume form on the product Bn−1ri × S
1 is the standard Euclidean
volume and dM denotes the distance on M induced by the Riemannian
metric.
Let r = min
1≤i≤k
ri. Then embi : B
n−1
r ×S
1 →֒ M is volume-preserving for
each i and embi |0×S1 = γ
′
i. It is straightforward to construct a smooth
isotopy of volume-preserving diffeomorphisms
gt : B
n−1
r × S
1 → Bn−1r × S
1
with g0 = Id such that:
• For each t ∈ R the diffeomorphism gt equals to the identity in
the neighborhood of ∂Bn−1r × S
1, and the time-one map g1 is
equal to the identity on Bn−1r′ × S
1, where 0 < r′ < r.
• Each diffeomorphism gt preserves the foliation of B
n−1
r × S
1
by the circles {x} × S1. Each diffeomorphism gt preserves the
orientation for t ≥ 0. In addition, for every x ∈ Bn−1r′ the
restriction gt : {x} × S
1 → {x} × S1 is the rotation by 2π t.
• For all s, t ∈ R we have gt+s = gt ◦ gs.
Remark 2.1. Notice that ifM is a symplectic manifold then the above
isotopies can be constructed to be Hamiltonian.
We identify Bn−1r × S
1 with its image with respect to the embedding
embi. Then we extend an isotopy gt by the identity onM \(B
n−1
r × S
1)
obtaining smooth isotopies gt,i ∈ Diff0(M,µ). Using the fact that
φ˜i([γj]) = δij we get
(15) Φ˜i(g1,i) := lim
k→∞
1
k
∫
M
φ˜i([(g
k
1,i)x])µ ≥ vol(B
n−1
r′ × S
1) > 0,
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where the first inequality follows from the fact that lim
k→∞
φ˜i([(g
k
1,i)x]) is
zero for x ∈ M \ (Bn−1r × S
1), non-negative for x ∈ (Bn−1r × S
1) and
equals to 1 for x ∈ (Bn−1r′ × S
1). Similarly, in case when j 6= i we have
(16) Φ˜i(g1,j) := lim
k→∞
1
k
∫
M
φ˜i([(g
k
1,j)x])µ = 0.
We define a homomorphism Ψ: Rn → Diff0(M,µ) by setting
Ψ(v) := gv1,1 ◦ . . . ◦ gvn,n,
where v = (v1, . . . , vn) ∈ R
n. Diffeomorphisms gvi,i and gvj ,j have
disjoint supports for i 6= j and commute for all 1 ≤ i, j ≤ n. It follows
that Ψ is a monomorphism, and in addition Φ˜i(gvi,j) = viΦ˜i(g1,j) for all
1 ≤ i, j ≤ n, because Φ˜i is a continuous homogeneous quasi-morphism.
We claim that Ψ is a bi-Lipschitz embedding. Indeed, by Theorem 1
and by (15) and (16) the following inequalities hold for each 1 ≤ i ≤ n:
‖gv1,1 ◦ . . . ◦ gvn,n‖p ≥ A
−1
∣∣∣Φ˜i(gv1,1 ◦ . . . ◦ gvn,n)∣∣∣ = A−1 · |vi| ∣∣∣Φ˜i(g1,i)∣∣∣ ,
where A is the maximum over the Lipschitz constants of the functions
Φ˜i : Diff0(M,µ)→ R. It follows that
‖gv1,1 ◦ . . . ◦ gvn,n‖p ≥
(
(n · A)−1min
i
∣∣∣Φ˜i(g1,i)∣∣∣) ‖v‖,
where ‖v‖ is the l1-norm of v in Rn. On the other hand
‖gv1,1◦. . .◦gvn,n‖p ≤
n∑
i=1
Lp{gt·vi,i} =
n∑
i=1
|vi|Lp{gt,i} ≤ max
i
Lp{gt,i}‖v‖,
where {gt,i} is the isotopy between Id and g1,i and t ∈ [0, 1].
Now we deal with the case when M = Σg and g ≥ 2. Let us take a
basis {[αi], [βi]}
g
i=1 of H1(Σg,Z)
∼= Z2g such that all αi, βi are simple
closed curves, the oriented intersection number #([αi] ∩ [βi]) = 1, the
intersection αi ∩ βi consists of 1 point, αi ∩ βj = ∅, αi ∩ αj = ∅ and
βi ∩ βj = ∅ for all different 1 ≤ i, j ≤ g. Denote by ρi : H1(Σg,Z)→ R
the homomorphism which sends [αi] to 1 and all other elements to zero.
Let φ˜i : π1(Σg, m) → R be the composition of ρi with the projection
homomorphism π1(Σg, m)→ H1(Σg,Z).
The same proof as in the previous step shows that there exists a family
of smooth isotopies gt,i in Diff0(Σg, µ) such that
• For each t ∈ R diffeomorphisms gt,i have disjoint supports for
1 ≤ i ≤ g.
• For all s, t ∈ R and 1 ≤ i ≤ g we have gt+s,i = gt,i ◦ gs,i.
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• For each induced homomorphism Φi : Diff0(Σg, µ)→ R we have
Φi(g1,i) > 0 and Φi(g1,j) = 0 for all 1 ≤ i, j ≤ n.
Let Ψ: Rg → Diff0(Σg, µ) be a homomorphism such that
Ψ(v) := gv1,1 ◦ . . . ◦ gvg ,g,
where v = (v1, . . . , vg). The same proof as in the previous step shows
that Ψ is a bi-Lipschitz embedding. 
2.D. Proof of Theorem 4. Let s˜ignn : Pn → R be the homogeneous
quasi-morphism defined by signature link invariant sign [22] of links
in R3. For a precise definition and properties of s˜ignn see [7, 16].
Denote by S˜ignn the induced homogeneous quasi-morphism on D. Let
H : D2 → R be a smooth function, such that H(x) = h(‖x‖2), where
h = 0 in the neighborhood of 0 and 1, and
∫
D2
H(x)dx = 0. Denote
by gt the flow generated by H . Then gt ∈ Ker(C), because C(gt) =
2t
∫
D2
H(x)dx (see [17]). In [16] it was shown that there exists Kn > 0,
such that
S˜ignn(gt) = Kn · t
∫ 1
0
yn−2h(y)dy.
Let n ∈ N. It is straight forward to construct a family of functions
{Hi}
n
i=1, where Hi(x) = hi(‖x‖
2), such that
• Each Hamiltonian flow gt,i generated by Hi lies in Ker(C).
• Diffeomorphisms gt,i and gs,j commute for s, t ∈ R, 1 ≤ i, j ≤ n.
• The matrix
 S˜ign3(g1,1) · · · S˜ign3(g1,n)... ... ...
S˜ignn+2(g1,1) · · · S˜ignn+2(g1,n)
 is non-singular.
It follows that there exists a family {Φ˜i}
n
i=1 of homogeneous quasi-
morphisms on D, such that Φ˜i is a linear combination of S˜ignn’s and
(17) Φ˜i(gt,j) =
{
t if i = j
0 if i 6= j
.
Let Ψ: Rn → D be a map, such that Ψ(v) := gv1,1 ◦ . . . ◦ gvn,n and
v = (v1, . . . , vn). It follows from the construction of {gvi,i}
n
i=1 that Ψ is
a monomorphism. The same proof as in Theorem 3 shows that there
exists An > 0, such that
‖gv1,1 ◦ . . . ◦ gvn,n‖p ≤ An‖v‖.
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Let 1 ≤ i ≤ n. All diffeomorphisms gv1,1, . . . , gvn,n pair-wise commute.
Hence by Theorem 2 and equality (17) we have
‖gv1,1 ◦ . . . ◦ gvn,n‖p ≥ A
−1
∣∣∣Φ˜i(gv1,1 ◦ . . . ◦ gvn,n)∣∣∣ = A−1 · |vi| ∣∣∣Φ˜i(g1,i)∣∣∣ ,
where A is the maximum over the Lipschitz constants of the functions
Φ˜i : D → R. It follows that
‖gv1,1 ◦ . . . ◦ gvn,n‖p ≥
(
(n · A)−1min
i
∣∣∣Φ˜i(g1,i)∣∣∣) ‖v‖,
and the proof follows. 
2.E. Proof of Theorem 5.
Lemma 2.2. Suppose that there exists a homogeneous quasi-morphism
Φ˜ : D → R and a family of diffeomorphisms {gt,i}
∞
i=1 in Ker(C) for each
t ∈ R such that
• The map R∞+ → Ker(C), (v1, . . . , vk, 0 . . .) → gv1,1 ◦ . . . ◦ gv1,k,
is an injective homomorphism for each k;
• the numbers
{
Φ˜(g1,i)
}∞
i=1
have the same sign for all i ∈ N;
• inf
i
∣∣∣Φ˜(g1,i)∣∣∣ ≥ M1, sup
i
Lp{gt,i} ≤ M2, where {gt,i}t∈[0,1], and
M1 > 0 and M2 > 0.
Let Ψ: R∞+ → Ker(C) where Ψ(v1, . . . , vk, 0 . . .) = gv1,1◦. . .◦gvk,k. Then
Ψ is a bi-Lipschitz embedding.
Proof. Let (v1, . . . , vk, 0 . . .) ∈ R
∞
+ . It follows from the triangle inequal-
ity and the hypothesis that
(18) ‖gv1,1 ◦ . . . ◦ gvk,k‖p ≤ max
1≤i≤k
Lp{gt,i}
k∑
i=1
vi ≤M2
k∑
i=1
vi.
By Theorem 2 there exists a positive constant A such that
‖gv1,1 ◦ . . . ◦ gvk,k‖p ≥ A
−1
∣∣∣Φ˜n(gv1,1 ◦ . . . ◦ gvk,k)∣∣∣ .
Note that Φ˜(gv1,1 ◦ . . . ◦ gvk,k) =
∑k
i=1 viΦ˜(gvi,i) because diffeomor-
phisms {gvi,i} and {gvj ,j} pair-wise commute. By hypothesis the num-
bers Φ˜(g1,i) have the same sign for all i ∈ N. Hence
(19) ‖gv1,1 ◦ . . . ◦ gvk,k‖p ≥ A
−1 min
1≤i≤k
∣∣∣Φ˜(g1,i)∣∣∣ k∑
i=1
vi ≥M1 ·A
−1
k∑
i=1
vi.
Inequalities (18) and (19) conclude the proof of the lemma. 
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Let us finish the proof of the theorem by constructing a family of
diffeomorphisms {gt,i}
∞
i=1 ∈ Ker(C) as in Lemma 2.2. Let {hs}s∈[1
4
, 1
3
]
be a family of C∞ functions from the interval [0, 1] to R such that:
• the support of hs is
[
1
2
− s, 1
2
+ s
]
;
• hs|( 12−s,
1
2
) is positive and hs|( 12 ,
1
2
+s) is negative;
• If s 6= s′ then hs|[ 38 ,
5
8
] ≡ hs′|[ 38 ,
5
8
]. If s > s
′ and y ∈
(
3
8
, 1
2
)
then
hs(y) ≥ hs′(y), if s > s
′ and y ∈
(
1
2
, 5
8
)
then hs(y) ≤ hs′(y);
• For each s ∈
[
1
4
, 1
3
]
and p ∈ N the integral
∫ 1
0
hs(y)dy = 0, the
integral
∫ 1
0
yhs(y)dy < 0, and both functions s →
∫ 1
0
yhs(y)dy
and s→
∫ 1
0
y
p
2
∣∣∣ ∂∂yhs(y)∣∣∣p dy are continuous.
An example of such functions is shown in Figure 1.
Figure 1. Functions h 1
4
(y) and h 1
3
(y) shown in purple
and blue respectively.
Let us pick an arbitrary discrete set {si}
∞
i=1 in
(
1
4
, 1
3
)
. For each i we
define a function Gi : D
2 → R such that Gi(x) = hsi(‖x‖
2). We de-
note by gt,i the flow generated by the Hamiltonian Gi. Recall that
s˜ignn : Pn → R is the homogeneous quasi-morphism defined by classi-
cal signature link invariant sign, and S˜ignn is the induced homogeneous
quasi-morphism on D. It is left to show that the family {gt,i}
∞
i=1 satis-
fies conditions of Lemma 2.2 for each t ∈ R.
1. Each diffeomorphism gt,i lies in Ker C because C(gt,i) = 2t
∫
D2
Gi(x)dx
(see [17]), and
∫
D2
Gi(x)dx = π
∫ 1
0
hsi(y)dy = 0. A straightforward
QUASI-MORPHISMS AND Lp-METRICS 15
computation shows that in polar coordinates we have
gt,i(r, θ) =
(
r, θ + 2t
∂
∂(r2)
hsi(r
2)
)
.
Hence the diffeomorphisms gt,i and gt′,j commute for t, t
′ ∈ R and
for i, j ∈ N. It follows that the map R∞+ → Ker(C) defined by
(v1, . . . , vk, 0 . . .)→ gv1,1 ◦ . . . ◦ gv1,k, is an injective homomorphism.
2. Let n = 3. There exists a positive constant K3 such that
S˜ign3(gt,i) = K3 · t
∫ 1
0
(y + 1)hsi(y)dy
for each i, see [7, 16]. Recall that gt,i ∈ Ker C, hence
S˜ign3(gt,i) = K3 · t
∫ 1
0
yhsi(y)dy.
By construction of functions hsi we have
∫ 1
0
yhsi(y)dy < 0 for each i.
Hence the numbers
{
S˜ign3(g1,i)
}∞
i=1
have the negative sign for all i.
3. Recall that for each s ∈
[
1
4
, 1
3
]
the function s 7→
∫ 1
0
yhs(y)dy is
continuous and
∫ 1
0
yhs(y)dy < 0. It follows that there exists a constant
M1 > 0 such that
∣∣∣∫ 10 yhs(y)dy∣∣∣ ≥M1K−13 for each s. Hence
inf
i
∣∣∣S˜ign3(g1,i)∣∣∣ ≥M1.
4. Let p ∈ N. For each i we have
‖(g1,i)‖p ≤ Lp{gt,i} =
∫ 1
0
dt
(∫
D
‖g˙t,i(x)‖
pdx
) 1
p
= 2π
1
p
(∫ 1
0
y
p
2
∣∣∣∣ ∂∂yhsi(y)
∣∣∣∣p dy)
1
p
.
Recall that for each s ∈
[
1
4
, 1
3
]
the function s 7→
∫ 1
0
y
p
2
∣∣∣ ∂∂yhs(y)∣∣∣p dy is
continuous. It follows that there exists a constant M2 > 0 such that(
2pπ
∫ 1
0
y
p
2
∣∣∣∣ ∂∂yhs(y)
∣∣∣∣p dy)
1
p
≤M2
for each s. Hence
sup
i
Lp{gt,i} ≤M2.
This concludes the proof of the theorem. 
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